This paper presents a novel sensor-based flexible part orienting system based on the commonly available force/torque sensor. The system orients planar parts arriving on a conveyor belt via a sequence of pushing operations with a force/torque sensor-equipped fence. A method of using the raw force data from the sensor to infer the rotation direction of the part is presented. Algorithms using (i) only rotation direction and (ii) rotation direction plus force information are presented. These algorithms find orienting plans with fewer steps than current sensorless orienting techniques, and for a number of specified part shape classes, current sensor-based techniques. Plans generated by these algorithms were tested and verified using a conveyor/robotic car test bed.
Introduction
A manufacturing process typically comprises several stages: (i) taking bulk parts from unknown orientations to a known orientation; (ii) transferring the oriented parts to the assembly site, keeping the known orientation; and (iii) assembling the parts into a completed item. Stage (i) is often done with a vibratory bowl feeder. Bowl feeders are a widely accepted method of orienting parts; however, they must be manually redesigned for each new part, a process that requires a certain degree of experience (Boothroyd, Poli, and Murch 1982) .
A long-term goal of the part-orienting research community is the design of a flexible part feeder that can orient a large va-The International Journal of Robotics Research Vol. 20, No. 6, June 2001 Sage Publications riety of parts without redesign for each new part. The flexible feeder will take a computer model of the part and automatically reconfigure it based on knowledge of the part mechanics and the part's interaction with its environment. Until recently, part-orienting research has focused on orienting techniques that do not require sensors (see Section 2.2). The main justifications for this are as follows: current techniques such as bowl feeders are sensorless, and sensorless apparatuses are simpler because they do not have the added complexity introduced by sensors (e.g., the additional hardware and processing required).
One sensor-based commercial system, the Adept FlexFeeder, has been developed for the task of part feeding. The FlexFeeder consists of a conveyor belt, machine vision system, and robotic manipulator. The vision system is used to determine the orientation of a part traveling on the conveyor, and the manipulator is used to orient the part based on this information. In some manufacturing environments, visionbased feeders may not be suitable. In particular, if the camera view is somehow obstructed by additional machinery, then another choice of sensor is prudent. Taylor, Mason, and Goldberg (1987) considered the problem of sensor-based part orienting as a "game with nature" and presented a framework that treats manipulation planning as a tree search in a task graph. Each node in the graph is a set of possible world states, denoted s 1 , · · · , s n , and each action and sensory event causes a transition from a set of possible initial world states to a set of possible resultant world states. The graph has an AND/OR structure because the planner can guarantee a successful plan if any of its actions leads to the goal state(s); however, it must ensure that all sensory outcomes are accounted for. The planner searches the graph to reach the goal state. The resulting path to the goal state in the search tree represents a plan, that is, an orienting strategy that will orient a part "no matter what nature decides will be the outcomes of its actions." Using this framework, Akella and Mason (1999) used a simple diameter sensor along with a sequence of pushing operations to reduce the number of manipulation steps required over the sensorless case.
In this paper, we use the commonly available six-axis force/torque sensor along with a sequence of pushing operations as the cornerstone of the first fully force-based orienting system. First, we abstract the force/torque sensor into a rotation sensor by presenting a robust (despite noisy force measurements) method to determine the rotation direction (clockwise, denoted by , or counterclockwise, denoted by ) during orientation. We present two algorithms, one that finds optimal plans in exponential time and another that finds plans in polynomial time. The first planner is shown to reduce the number of orientation steps compared to the current optimal sensorless and sensor-based planners. Because plans with fewer steps can be executed faster, there is an associated execution time improvement as well. The second planner runs in polynomial time as a function of the number of stable edges in the part and appears to be the first complete sensorbased polynomial time algorithm. Second, we use the limit surface (Goyal, Ruina, and Papadopoulos 1991) to model the frictional forces between the part and conveyor, and use the frictional forces to determine the ideal forces we expect to be applied by the part on the fence (interchangeably called a "pusher") during orientation. Our orienter then compares the forces measured during orientation to these ideal forces and further reduces the number of orientation steps. Experimental results verify the utility of these techniques.
Our planning framework is modeled after that of Taylor, Mason, and Goldberg (1987) and Akella and Mason (1999) in that it uses an AND/OR search procedure and a sensor, but it is novel in several ways. First and foremost is the use of a force/torque sensor as the basis for a complete orienting system, although our results using rotation direction could be used irrespective of what type of physical sensor (say tactile strip) is used to sense rotation direction. A key aspect of our work is that rotation direction is a fundamentally different type of information (than, e.g., diameter) from a planning point of view. Sensors used in part-orienting systems in previous works (Taylor, Mason, and Goldberg 1987; Akella and Mason 1999 ) provide direct but partial information about the state of the part during the orientation process-in an abstract sense, these are state sensors. Formally speaking, let S denote the set of possible states and D denote the set of sensor readings. The state sensor function (or model) assumed in earlier works is of the form S D : S → D, meaning the sensor provides a direct measurement of some characteristic of the state. Two or more states can be distinguished using sensor data if S −1 D is different (or nonoverlapping intervals, if noise is taken into account) for these states. Branching in the diameter sensor-based planner (Akella and Mason 1999) is based on this notion of state distinguishability, or those stable states that can be distinguished using sensor data. Rotation direction, on the other hand, does not provide direct information about the state of the part because all states can come to rest via clockwise or counterclockwise rotation. State uncertainty is instead reduced by inferring which states could (resp. could not) lead to clockwise or counterclockwise sensor readings during transition from a given set of initial states to final states; the sensor provides partial information about state transition-it is a state transition sensor. Consequently, many of the concepts introduced in earlier works need to be generalized to deal with this class of state transition sensors. Formally speaking, the rotation direction sensor function is S R : S × S → D, with D = { , }, so given an initial state s in and a final state s f i , S R (s in , s f i ) ∈ { , }. To distinguish states on the basis of sensor data, we need to infer that given s f i ∈ S and d ∈ D, the initial state must be s in . In other words, we need to reason on the combined S ×D space, the state space augmented with the sensor output space, called the sensor-state space for brevity. This is the fundamental difference that arises when using a state transition sensor. Correspondingly, concepts such as the resting and action ranges used in Akella and Mason (1999) need to be generalized by augmenting them with associated sensor readings, which leads to the new concept of sensorstate distinguishability and the notions of the sensor resting ranges and sensor action ranges, generalizations of the resting and action ranges introduced in Akella and Mason (1999) .
We also show a key property when using rotation direction and force: these data allow the planner to reduce the number of uncertain states by at least one with each push-align operation, a characteristic the diameter sensor-based planner lacks. The worst-case plan lengths determined by our approach are subsequently shorter than those with a diameter sensor (see Section 6.6). In particular, when using rotation direction, our approach results in shorter plans when all states result in identical diameter readings. When using rotation and force, our method results in shorter plans when the pushdiameter function (Akella and Mason 1999) is symmetric or quasi-symmetric.
Our apparatus consists of a conveyor belt, a flat fence attached to a force/torque sensor that is placed across the conveyor belt, and a simple robotic manipulator. Parts are oriented through a sequence of push-align operations-a single push-align operation being shown in Figure 1 . Each pushalign operation is followed by a sensor reading that determines which branch of a part-specific, predetermined plan to follow. We explain the precise mechanics of these measurements in Section 7. Figure 2a shows an example plan using rotation direction. A node (oval) corresponds to the set of stable states (stable orientations) that the part may be in at that stage, and a push-align operation corresponds to a link. Starting from the set of all unknown orientations, the part is first pushed into one of three possible stable states. If the manipulator performs a push-align operation corresponding to a rotation Figure 2 . (a) The part starts in some initial stable orientation (node of search tree), (b) the part is placed upstream after being rotated counterclockwise through some angle θ action , (c) the part moves toward the fence and begins to rotate once it contacts the fence (direction given by Mason's [1986] voting theorem), (d) the part rotates to a stable state, and a sensor measurement corresponding to a state transition is made.
Fig. 2. Examples of orienting plans. (a)
A plan using only rotation direction, (b) a plan using rotation direction and force. In (a), after the first sensor reading, rotation direction provides no information about the state of the part (all sensor-states are indistinguishable). However, each level of the plan reduces the number of uncertain states, based on rotation direction. In (b), the addition of force information further reduces the number of push-align operations required. After the first push-align operation, no sensor-states are distinguishable. However, after a rotation of θ action = 225 • , the sensor-states are distinguishable in such a way that the part is fully oriented. by θ action = 63 • , the subsequent sensor reading reduces the number of uncertain stable states by at least one. A clockwise sensor measurement indicates the part is oriented, and a counterclockwise measurement indicates a further push-align operation through θ action = 63 • is required to orient the part. Figure 2b shows a plan using rotation direction and force that further reduces the number of steps required to orient the part.
We now explain how our algorithm derives a plan given the part geometry and location of its center of mass. Consider a part contacting the fence with initial angle θ as shown in Figure 1c . Mason's (1986) voting theorem dictates the rotation direction of the part and thus specifies which state the part will come to rest in. As mentioned earlier, measuring the rotation direction gives us partial information about how the part makes a transition to a stable state. We use the notion of distinguishable sensor-states to differentiate between possible sensor-states (as opposed to the notion of distinguishable states used in Akella and Mason 1999) and reduce the number of uncertain states during the orientation process. A sensor-state refers to a state s i and a sensor reading / corresponding to transition to that state. For example, {{ }, {s i }} and {{ }, {s i }} are different sensor-states even though they contain the same state s i .
We start by presenting the notion of the sensor resting ranges of a part. The sensor resting ranges are those intervals of initial orientations θ that result in the same final state and sensor reading-a sensor resting range represents an equivalence class of initial orientations with respect to final state and sensor reading. The sensor resting ranges are then used to construct the sensor action ranges of a part, the range of actions θ action (see Fig. 1 ) that take an initial stable state to another stable state and sensor reading-an equivalence class of actions. Our optimal length planner operates by exhaustively searching the result of every possible sensor action range on every possible set of stable states and is able to return the shortest orienting plan, if one exists, and indicate failure otherwise. Our resulting plans have a worst-case length of n when using rotation direction or m + 1 when using rotation direction and force together (n refers to the number of stable states of the part, and m is the size of the largest indistinguishable set of sensor-states).
Force information is then incorporated to further enhance the performance of our planner. We use the limit surface model of quasi-static pushing to determine the ideal force f ideal (the limit surface gives a force vector f ideal , but we only use its magnitude for planning purposes) we expect to measure just before the part comes to rest for each clockwise/counterclockwise state transition. Transition to a particular stable state can be made via clockwise or counterclockwise rotation, each leading to possibly different forces between the part and fence, so force is also a state transition dependent quantity. Figure 3 shows that a part may have different ideal forces for clockwise f ideal and counterclockwise f ideal rotation depending on the distance from the vertex to the center of mass. The forces measured during orientation f m (again, we use the magnitude of the measured force vector f m for planning purposes) can then be compared to these ideal forces to further reduce the number of uncertain states, leading to worst-case plans with fewer steps. It should be noted that issues of sensor noise and model inaccuracies may limit the usefulness of force data to lopsided parts, that is, parts with disparate distances from each vertex to the center of mass-a hammer, for example.
Related Work

Pushing as an Orientation Technique
The use of quasi-static pushing as a manipulation primitive was first examined by Mason (1986) . Mason showed that pushing occurs in the early stages of grasping a part and is useful in reducing uncertainty in a part's orientation. He developed a rule to determine the rotation direction of a part based only on the location of the center of mass of the part. This last result forms the basis for a great deal of work in the part-orienting literature because it provided a way to determine the gross behavior (rotation direction) of a pushed part. Peshkin and Sanderson (1988a) determined bounds on the rotation rate of a part, making no assumptions about the pressure distribution between the part and the supporting surface. This work made it possible to determine the slowest/fastest rotation rate and velocity possible for a given contact configuration. Alexander and Maddocks (1993) also determined bounds on the possible motions of a pushed part, but their result did not use the conservative circular approximation of part shape used in Peshkin and Sanderson's work. Goyal, Ruina, and Papadopoulos (1991) determined the relationship between the net contact force and resultant velocity of a partthe limit surface-when the pressure distribution is known.
Using pushing in the parts transfer stage-stage (ii) of the manufacturing process outlined in Section 1-has also been studied. Lynch (1992) studied the motion of a part being pushed on its edge with a flat pusher. He determined the range of stable pushing directions where the part does not rotate to another edge. Lynch and Mason (1996) examined the controllability of pushing and developed a planner to find push sequences to move a part about in an obstacle-cluttered workspace. Akella (1996) developed a planner that can take a part from any known initial configuration to any final specified goal position and orientation using a sensorless sequence of pushes.
Orienting without Sensors
Sensorless orientation of parts was examined by Mason (1986) , who used pushing to reduce the uncertainty in a part's orientation. Mani and Wilson (1985) used Mason's result to develop a system that orients parts with a sequence of fence pushes at different angles. Peshkin and Sanderson (1988a) developed a planner that used conservative bounds on the possible motions of a part to plan the angles of a sequence of fences above a conveyor belt. As the conveyor pushes a part past each subsequent fence, the uncertainty in part orientation is reduced, and after the final fence, the orientation of the part is known within a small angle range. Brokowski, Peshkin, and Goldberg (1995) improved on this idea by designing curved fences that further reduce the uncertainty in part orientation to a single orientation. Recently, a complete algorithm for planning O(n 2 )-length curved fence assemblies was presented by Berretty et al. (1998) for the frictionless case. Brost (1988) showed how to plan parallel-jaw grasping motions to orient a part in the presence of uncertainty. Using Mason's results, he was able to show the behavior (final grasped orientation) of a part being grasped by a parallel-jaw gripper. Goldberg (1993) showed that a part can only be oriented to symmetry in its push function by a sensorless planner and developed the complete back-chaining algorithm to plan a series of parallel-jaw motions to orient a part to symmetry. Using a frictionless assumption and the development of the diameter function, he was able to determine in O(n 2 ) time a sequence of parallel-jaw grasps to orient a part to symmetry in O(n 2 ) steps. It has since been shown by Chen and Ierardi (1992) that the back-chaining algorithm can in fact generate O(n)-length plans with a worst case of 2n − 1. Akella et al. (1997) developed a system that orients a part on a conveyor using a single fence with one degree of freedom that implements the back-chaining algorithm.
A vibratory system developed by Sony (Sony APOS system) (Shirai and Saito 1989) orients parts using a vibrating tray with "cups" that accept parts that are in the correct orientation. This system is closely related to the methodology of the vibratory bowl feeder. Lynch, Maekawa, and Tanie (1992) used the limit surface model (Goyal, Ruina, and Papadopoulos 1991) of quasi-static motion to develop a closed-loop system that localized the position of a part. They used a round robotic fingertip equipped with a tactile array to push a part from a bounded unknown orientation to a known orientation. Jia and Erdmann (1996) developed a system to determine the orientation of a part by pushing with a round fingertip equipped with a tactile sensor. By observing the motion of the contact point as the part is pushed, they were able to determine the final position of the part. Salvarinov and Payandeh (1997) used a single-joint fence equipped with a strain gauge above a conveyor to detect the contact signature of a part interacting with the fence. The contact signature was used to determine orientation and orient the part. Rao and Goldberg (1994) characterized orientability and recognizability of multiple parts by parallel-jaw grasping and diameter sensing.
Orienting with Sensors
Our paper is most closely related to the research of Akella and Mason (1999) , who showed that the use of diameter sensor data during the orientation process reduces the number of manipulation steps required over the sensorless case. Two key contributions of Akella and Mason are as follows: parts with symmetric push functions can be fully oriented if the push-diameter function is asymmetric, and multiple similarly shaped parts can have the same push or push-diameter functions (thus, the same orienting plan can be used to orient multiple parts). We discuss our work in the context of Akella and Mason's contributions in Section 6.6.
Assumptions
The orienting techniques outlined in the remainder of this paper require the following assumptions:
1. Parts are polyhedra that have constant polygonal cross sections. Nonconvex cross sections are considered by using their convex hull.
2. The location of the part vertices and center of mass are known.
3. Motion is quasi-static (conveyor moves slowly).
4. Coefficient of friction µ is constant over the sliding support surface.
5. Frictional interactions are described by the Coulomb model.
6. All pushes are perpendicular to the conveyor motion.
7. The parts and fence are perfectly rigid.
Two additional assumptions are required to determine the ideal forces using the limit surface model, which requires a known applied force direction and a known pressure distribution between the part and the sliding surface:
8. There is zero friction between part and fence-we then know the forces are perpendicular to the fence. 9. We use a constant, uniform pressure distribution to find the ideal forces but account for variations using empirically determined tolerances (see Section 7.2.2).
All angle arithmetic is done mod 2π, and all index arithmetic is done mod n, where n is the number of stable states of the part.
Definitions
This section presents several definitions required for the development of our work. Section 4.1 introduces some background definitions, and Section 4.2 introduces notions relating to sensor-state distinguishability. Sections 4.3 through 4.5 introduce the concepts of sensor resting and action ranges using only rotation direction data, and Section 4.6 discusses incorporating force data with rotation direction.
Radius, Push, and Push-Sensor Functions
The radius function was first used for part orienting by Goldberg (1993) in the context of orienting a polygonal-shaped part through a series of parallel-jaw grasps. Figure 4a shows the construction method of the radius function. The support line is considered to be a flat pusher (the fence in our technique), φ is the angle of orientation of the support line with respect to the part, and r is the perpendicular distance from the center of mass to the support line.
DEFINITION 1. The radius function of a polygon is a mapping f r : S 1 → R from the orientation φ of the support line of a polygon to the perpendicular distance r from the polygon's center of mass to the support line.
A part being pushed in a direction perpendicular to the fence (a linear normal push) tends to rotate toward local minima in the radius function. So, given the part orientation and push direction, the radius function allows us to determine the stable state and rotation direction of the part. This information is represented by the push and push-sensor functions. In the following definitions, φ i is the orientation of the support line at the start of the push and φ f is the orientation at the end (see Fig. 4b ). Note that rather than a stationary fence and rotating part as is the case in our physical setup, conceptually it is assumed that the part is stationary and the pusher rotates (in the opposite direction but the same magnitude). DEFINITION 2. The push function of a part is a mapping f p : S 1 → S 1 from the initial fence orientation φ i to the final fence orientation φ f of a linear normal push.
It is known that a part can only be oriented to symmetry in its push function by a sensorless planner (Goldberg 1993) . A symmetric push function has a "period" of T < 2π such that f p (φ + T ) = (f p (φ) + T ) mod 2π (note that periodicity here is along the ordinate axis, not along the abscissa, the usual definition of a periodic function).
Two stable states s i and s j corresponding to final fence orientations φ i f and φ j f are termed equivalent with respect to a symmetric push function if |φ i f − φ j f | mod T = 0. We use s i . = s j to denote this. We define a set S e of equivalent states as a set with all members equivalent (i.e., for all s i , s j ∈ S e , s i . = s j ) and define a set S n of nonequivalent states as a set containing no two states s i . = s j .
DEFINITION 3 (Akella and Mason 1999) . The push-sensor function of a part is a mapping f ps : S 1 → D that takes the initial fence orientation φ i to the domain D of the sensor at the end of a linear normal push.
DEFINITION 4 (Akella and Mason 1999) . A part has a symmetric push-sensor function if there exists a period T , 0 < T < 2π , such that f ps (φ) = f ps (φ + T ) for every stable orientation φ f and f p (φ f + T ) = (φ f + T ) mod 2π for every stable orientation φ f .
We use these definitions primarily in Section 6.6 when comparing our results to those of Akella and Mason (1999) . Table 1 contains three examples of the radius, push, and pushrotation direction functions for parts with various levels of symmetry in the push function. Figure 5 briefly explains (details in Section 7) the key idea behind measuring rotation direction. As the part rotates into alignment with the fence, it will exert a force f m and moment m m on the fence. Balancing the force and moment, one can derive the contact location-the point where a vertex of the part is in contact with the fence. As the part rotates onto a stable edge, this derived contact location will jump to a location where the center of mass projects onto the fence. Detecting the direction of this jump, which can be very reliably extracted, even from noisy force data, gives the rotation direction.
Sensor and Sensor-State Distinguishability
The force f m used for orienting purposes is that measured just before the jump in contact location occurs. We can then assume the edge is horizontal and the force is applied to a vertex, the same assumption as when determining the ideal forces f ideal to which f m is compared during orientation. We now introduce the notion of sensor-state distinguishability DEFINITION 5. An indistinguishable set of sensor readings is a set of sensor readings (taken from the domain of possible sensor readings) in which each reading is indistinguishable from at least one other reading.
Recalling that a sensor-state refers to a state s i and a sensor reading / corresponding to transition to that state, which we denote {{ / }, {s i }}, we have the following definition. DEFINITION 6. An indistinguishable set of sensor states is a set of indistinguishable sensor readings and a set of states that when transitioned to result in the indistinguishable set of sensor readings.
We denote an indistinguishable set of sensor-states as {{ / }, {s i , · · · , s n }}, where { / } denotes the set of indistinguishable sensor readings and {s i , · · · , s n } is the set of states. The domain of rotation direction is binary { , }, so we have 2n sensor-states {{ }, {s 1 }}, · · · , {{ }, {s n }}, {{ }, {s 1 }}, · · · , {{ }, {s n }} that can be grouped into two indistinguishable sets of sensor-states, one corresponding to clockwise {{ }, {s 1 , · · · , s n }} and the other to counterclockwise {{ }, {s 1 , · · · , s n }}. By convention, the size of an indistinguishable set of sensor-states is given by the number of states in the set, so these sets have size = n.
On the other hand, the domain of force (magnitude) data is the set of nonnegative reals. Force measurements for each state and rotation direction are closed subintervals of this domain. The size of these intervals is determined from sensor noise and measurement error as outlined in Section 7.2.2. Recall from Figure 3 that a state may have different values of f ideal and f ideal , so when combined with rotation direction, force data act to split the indistinguishable sets of sensor-states using rotation direction alone into smaller subsets. Figure 6 shows a set of force intervals for a hypothetical 
. Note that force ranges are now included in the set of indistinguishable sensor readings. Also note that individual sensorstates in an indistinguishable set may be individually distinguishable because indistinguishability is not transitive, due to sensor noise (Akella and Mason 1999) . As well, for a particular part, different indistinguishable sets of sensor-states can share states. This is in contrast to the indistinguishable sets of Akella and Mason 1999, which will never share states.
Sensor Resting Ranges
The radius function can be used to determine the stable orientation ψ and rotation direction of a part contacting the pusher at an angle of θ (see Fig. 1c ). DEFINITION 7. A sensor resting range of a stable orientation is the set of initial orientations that lead to the same sensor reading while making a transition to that stable orientation.
The sensor resting ranges are easily derived from the location of the maxima and minima of the part's radius function. The sensor resting range diagram is used to represent this information. In Figure 7 , s 1 , s 2 , and s 3 represent the stable states of the part. The stable orientation of a sensor resting range is indicated by an ×, and the left and right limits of the sensor resting ranges are delimited by vertical bars |. Each range has a or to signify the sensor reading for that range. Figure 8 shows the notation used to describe the sensor resting ranges. For a particular stable state s i , the stable orientation is denoted ψ i . Because any stable state s i may be reached via clockwise or counterclockwise rotation, each stable state has two associated sensor resting ranges. The left and right limits of the sensor resting ranges corresponding to clockwise (resp. counterclockwise) rotation are λ i and ρ i (resp. λ i and ρ i ). Because the stable orientation ψ i is also a limit of its two sensor resting ranges, we have the following identities, where i + 1 (resp. i − 1) corresponds to the state directly to the right (resp. left) on the sensor resting range diagram:
(1)
As well, because the angle φ used in the push function f p (φ) (resp. the angle θ of the sensor resting ranges) corresponds to clockwise rotation (resp. counterclockwise) of the part with respect to the pusher, we have the following identities valid at the stable orientations (n refers to the number of stable states):
Sensor Action Ranges
We now use the sensor resting ranges to develop the concept of the sensor action range. Recall the definition of an action from Figure 1 to be the counterclockwise angle θ action the part is rotated through after being pushed into alignment at a previous step. It is informative to note that θ action is the control variable of our subsequent search algorithms, and at each level of the search, each link of the search tree corresponds to a different possible push-align action.
DEFINITION 8. A sensor action range is a contiguous interval of rotations that form an equivalence class of actions and sensor readings. That is, every action that belongs to a sensor action range results in the same stable state and sensor measurement for a given initial stable state.
The sensor action ranges are constructed using the sensor resting ranges. Let the stable orientations for stable state s i and stable state s j be ψ i and ψ j , respectively. Let the left and right limits of the clockwise sensor resting range for state s j be λ j and ρ j , respectively. Rotation of the part through θ action = (ψ j − ψ i ) will cause a direct transition (no rotation) from stable state s i to s j . Because the sensor resting ranges indicate a range of initial orientations that lead to the same stable state and sensor value, rotation of stable state s i through a range of angles will lead to stable state s j and clockwise rotation. This range is specified by the open interval ((λ j − ψ i ), (ρ j − ψ i )). In a similar manner, the counterclockwise sensor action ranges are determined by the interval ((λ j − ψ i ), (ρ j − ψ i )). Figure 9 shows the notation used to describe the sensor action ranges for transition from s i to s j (corresponding to Fig. 8 ). The action corresponding to direct transition from s i to s j isψ i,j . The left and right limits of the clockwise (resp. counterclockwise) sensor action range areλ i,j andρ i,j (resp. λ i,j andρ i,j ). Because the actionψ i,j is also a limit of its two sensor action ranges, we have the following identities:
It is important to note that rotation through (ψ j − ψ i ), (λ j − ψ i ), and (ρ j − ψ i ), the endpoints of the sensor action ranges, may result in two undesirable configurations. The first occurs when a vertex of the part contacts the fence such that the force vector normal to the fence is directed through the center of mass. The part will then not rotate unless acted upon by an external force. To avoid this configuration, actions should be chosen from the middle of the sensor action ranges, ensuring 
Sensor Representative Actions
Up until this point, we have been discussing the effect of an action θ action on a single stable state. To develop a planner, we need to understand the effect of an action on a group of stable states. This is done by merging the endpoints of all the sensor action ranges into a set of overlap ranges. Figure 11 shows the set of overlap ranges with rotation direction information for all stable states. The overlap ranges define an equivalence set of actions for a group of stable states in the same way as the sensor action ranges define an equivalence set of actions for a single stable state.
When the sensor information corresponds to rotation direction, for a set of k states, we have 2kn sensor action ranges and a maximum of 2kn−k+1 overlap ranges (in Fig. 11 , there are less than 16 (n = k = 3) overlap ranges because some of the limits of the sensor actions ranges are equal). For a given set of stable states, any action chosen from these overlapping ranges will result in the same set of stable states and sensor data. To stay with the tone of previous sections, we will call the center of each overlapping range a sensor representative action. This action is chosen to "represent" the other actions in the range during the planning process and is chosen from the center of the overlap range in order to avoid the problems at the endpoints of the sensor action ranges (see Section 4.4).
In the remainder of this paper, we will say a representative action "reduces the number of unknown/uncertain states" if the sets of indistinguishable sensor-states resulting from the action all have smaller size than the number of states in the initial set. In Figure 11 we give an example. The dashed line indicates a sensor representative action that results in clockwise rotation for some initial states and counterclockwise for the remainder. This action results in three sensor states {{ }, {s 3 }}, {{ }, {s 2 }}, {{ }, {s 3 }} that are grouped into two indistinguishable sets of sensor-states {{ }, {s 3 }}, {{ }, {s 2 , s 3 }} of size < 3. The constituent states of these indistinguishable sets of sensor states constitute the child nodes in the search tree (see Fig. 2 ).
Note in Figure 12 that if all the sensor action ranges for two states are identical, then no action exists that can reduce the uncertainty of a set containing only those states, and thus the part cannot be oriented any further. It will be formally shown in Section 6 that the sensor action ranges (when using rotation direction) for any two states will all be identical if and only if the states are equivalent with respect to the push function.
Incorporating Force Data
Because a part may rotate onto a stable edge via clockwise or counterclockwise rotation, each resulting in possibly different ideal forces between the part and the fence, the addition of force data into the sensor resting and action ranges is straight- Fig. 12 . Sensor action ranges are all equal for two states s i and s j . Lemma 6.2 in Section 6.1 shows that this can only happen if the states are equivalent with respect to the push function. Fig. 13 . Sensor representative actions using both force and rotation direction information. The force range calculations are based on a part with mass = 1 kg and µ = 0.3.
forward. The limits of the ranges do not change, but now each sensor resting/action range has a force range associated with it. The center of this force range is specified by the limit surface model of quasi-static pushing and is calculated using the methods of Section 7.2. Figure 13 shows the sensor representative actions (force ranges indicated below each sensor action range) of our sample part when using rotation direction and force.
Sensor-Based Algorithms
We now present our optimal (in terms of number of steps in the resultant plan) planner based on a breadth-first AND/OR search that is essentially identical to algorithms presented in Akella and Mason (1999) and Taylor, Mason, and Goldberg (1987) . The time complexity to search for an optimal plan is exponential, as the search is exhaustive. A polynomial time algorithm that uses a critical property of the sensor action ranges for rotation direction and force is presented in Section 6.4. However, this polynomial time algorithm does not guarantee an optimal plan. In each case, the algorithms must be run off-line once for each part, generating a conditional plan that can be followed based on the sensor data collected during the orientation process. The time complexity terms (T A (k, n), T B (k, n), etc.) are from Akella and Mason (1999) (except when noted) and are used when analyzing our polynomial time algorithm.
Algorithm for Optimal Length Plans
For a good description of AND/OR search and the similar AO* algorithm, see Rich and Knight (1991) . Each level of the search tree corresponds to a push-align operation. The root node of the tree is the set of all possible orientations of the part. A node in the tree corresponds to the set of possible states consistent with the sequence of push-align operations and sensor readings up to that node. All links are AND links corresponding to the set of child nodes generated from the same sensor representative action θ action , and each branch with its child node corresponds to an indistinguishable set of sensor-states.
To generate the child nodes for a base node, we must apply all the possible sensor representative actions and group the resulting sensor-states for each action into indistinguishable sets. At each node, we generate a list of sensor representative actions for its k constituent states. This can be done in T A (k, n) = O(kn log k) time. The time to generate all possible resultant sensor-states for a single action for a set of k states is T B (k, n) = O(k log n). The time to sort these sensor-states into indistinguishable sets is T C (k, n) = O(k) using only rotation direction and T C (k, n) = O(k log k) otherwise. Finally, the time to remove identical states from the sets is T D (k, n) = O(k).
Starting at the root node, the first push-align operation results in child nodes consisting of the constituent states of the indistinguishable sets of sensor-states. The search generates child nodes in a breadth-first manner by applying all the sensor representative actions of the parent node's constituent states. A node is solved if it contains a single state or when all its child nodes are solved. When a node is solved, its parent node is updated. The search terminates when the root node is solved or all nodes have been explored.
Dealing with a Special Degenerate Case
If the part contacts the fence directly on a stable edge, no rotation will occur, so no valid rotation direction or force state transition data will be available. This can only happen in the first push because subsequent sensor representative actions are chosen from the middle of the overlapping ranges, ensuring rotation (see Fig. 13 ). When planning using only rotation direction, collecting valid state transition data in the first push is not important because rotation direction cannot reduce the number of uncertain states in the first step-the distinguishable sets of sensor-states contain the same states. However, if no valid force data are taken, an additional push-align operation, corresponding to a small rotation, may be required to ensure collection of valid force data. This extra step is seen in subsequent plan length calculations.
Maximum Plan Lengths
The length of an orienting plan is the number of push-align operations required to uniquely orient a part, and the maximum plan length is the worst case possible for a class of parts. In Section 6.1, we discuss the relationship between the sensor action ranges using rotation direction and the push function and then characterize how the sensor action ranges using rotation direction facilitate the reduction of the number of uncertain states at each stage of the plan. In Sections 6.2 and 6.3, we present our results using only rotation direction and rotation direction plus force, respectively. In Section 6.6, we compare our results to previous work (Akella and Mason 1999) using a diameter sensor.
Critical Property of the Sensor Action Ranges when Using Rotation Direction
The proofs for maximum plan length are straightforward, and are in fact a direct consequence of the relationship between the sensor resting ranges when using rotation direction and the push function. In Figure 14 , we see how the push function and sensor resting ranges are related. Figure 14a shows the resting ranges for a part with equivalent states s i . = s j (refer to Definition 4.2). The push function for the same part is shown in Figure 14b . The sensor resting ranges are placed above and to the right of the push function after being transformed ("flipped") by the push function identity of eq. (2) (note how 0 degree of each sensor resting range diagram is aligned with the top right corner). We observe a 1:1 relationship between the steps on the f p axis and stable orientations ψ i and a 1:1 relationship between step transitions on the φ axis and sensor resting range endpoints ρ i .
Recall from Section 4.5 that if all sensor action ranges for two stable states s i and s j are equal, then no action exists that can reduce the uncertainty of a set containing only those states. Lemma 6.2 proves that this only happens if the states are equivalent with respect to the push function. In Lemma 6.1, we derive a useful intermediate condition that characterizes when all the sensor action ranges are equal for two states. The parameter z ∈ Z in the following proofs is used to index or "step along" the sensor action ranges of Figure 12 . LEMMA 6.1. All sensor action ranges for two stable states s i and s j are equal if and only if ψ j +z − ψ i+z = ρ j +z − ρ i+z = ψ j − ψ i for all Z.
Proof. Assume all the endpoints of the sensor action ranges are equal. We then have the following two relations (remembering mod 2π and mod n arithmetic):
for all z ∈ Z. Using the identities (a) and (c) in eq. (3) results in ψ i+z − ψ i = ψ j +z − ψ j and ρ i+z − ψ i = ρ j +z − ψ j , from which we get the relation
The other implication direction comes from the reverse mathematical steps. Now, we prove a key lemma that states that all sensor action ranges for two stable states s i and s j are equal if and only if the states are equivalent with respect to the push function s i . = s j .
Substituting the push function identity (eq. (2)) and rearranging gives f p (2π − ψ i+z ) − f p (2π − ψ j +z ) = ρ i+z − ρ j +z = ψ j − ψ i for all z ∈ Z. This implies the distance between the steps f p (2π − ψ i+z ) − f p (2π − ψ j +z ) (on the f p -axis) and the distance between the step transitions ρ j +z − ρ i+z (on the φ-axis) are all equal to ψ j − ψ i for all z ∈ Z. Trivially, the push function has a period of some (ψ j − ψ i )/w where w ∈ Z+, so s i . = s j . Next, assume s i . = s j . This implicitly implies that the push function is symmetric with period (ψ j −ψ i )/w, which implies that f p (2π −ψ i+z )−f p (2π −ψ j +z ) = ψ j −ψ i . Substituting from the push function identity, we get ( †) ψ j +z − ψ i+z = ψ j − ψ i . Recalling the definition of push function symmetry f p (φ +T ) = (f p (φ)+T ) mod 2π , we know that the distance between equivalent steps on the f p -axis (ψ j − ψ i ) is the same as the distance between the those steps' endpoints on the φaxis (ρ j +z − ρ i+z ). This gives ( ‡) ρ j +z − ρ i+z = ψ j − ψ i , which when combined with ( †) completes the proof.
6.2.Using Only Rotation Direction
Lemma 6.2 implies that given any two states s i˙ =s j , all of the sensor action ranges will not be equal. At least two sensor action ranges will result in an overlap range (and sensor representative action) that results in clockwise rotation for one state and counterclockwise for the other. The resulting distinguishable sensor-states can be used to determine uniquely the resulting state given any two states s i˙ =s j , and we immediately have Lemma 6.3 for sets S n of nonequivalent states. LEMMA 6.3. For any set S n of k nonequivalent states, there exists an action that reduces the number of uncertain states by at least one.
Proof. Pick any two of the states s i˙ =s j . Lemma 6.2 guarantees the existence of an overlap range (and sensor representative action) that results in clockwise rotation for one state and counterclockwise rotation for the other. If this action is applied, then in the worst case, k − 1 initial states will result in sensor-states of one rotation direction ( / ) and the remaining initial state will result in a sensor-state for the other direction ( / ). The resulting indistinguishable sets of sensor-states thus have size k − 1 and 1, so we have reduced the uncertainty in uncertain states by at least one.
We can now present Theorem 6.1, which was used to determine the plan lengths in the "direction" column of Table 2. THEOREM 6.1. The maximum number of steps to orient a part with n stable edges, and a push function with p periods, to symmetry in the push function is n/p. Proof. When a part's push function has p periods, each state has p equivalent stable states. The number of uncertain, nonequivalent stable states after the first push-align operation is thus n/p. By Lemma 6.3, the number of uncertain states can be reduced by one at each step, resulting in plans no longer than n/p steps.
An interesting property of rotation direction is that when the push function is symmetric, the push-rotation direction function is also symmetric, which is not true of general pushsensor functions. Because rotation direction is binary, we know that parts with the same push function also have the same rotation direction function, a useful property that we discuss in the context of orienting multiple parts in Section 6.6. Therefore, when using rotation direction alone, we can only orient to symmetry in the push function.
Using Rotation Direction and Force
When force is introduced into the mixture, the notion of (in)distinguishable sensor states becomes important. Two sensor-states are considered distinguishable if either the rotation direction for the sensor-states is different or the force ranges are distinguishable. Given this elementary operation to determine (in)distinguishability, we highlight an algorithm in Section 5.5.1 of Akella (1996) that groups states into indistinguishable sets-and thus determines m-which is applicable to sensor-states.
Recall from Lemma 6.3 that rotation direction cannot be used to reduce the number of uncertain states if all the states are equivalent; however, we can show the ability to reduce the number exists when using rotation direction and force together. We now present Lemma 6.4, which is similar to Lemma 6.3 for the case of equivalent sets S e of stable states. Together, these two lemmas ensure that an action always exists that reduces the number of uncertain states by at least one. LEMMA 6.4. For any set S e of k equivalent states, there exists an action that reduces the number of uncertain states by at least one if the push-force function f pf (φ) is asymmetric.
Proof.
A set of k equivalent stable states implies the push function is symmetric, so assume without loss of generality that f p has a period of T f p . The part can violate push-force function symmetry in two ways (see Definition 4.4):
1. Its push-force function can be aperiodic; that is, there exists no period T such that f pf (φ) = f pf (φ + T ) for all stable orientations φ f .
2. Its stable states are not periodically spaced with the same period T as the push-sensor function; that is, f p (φ f + T ) = (φ f + T ) mod 2π for at least one stable state φ f . Figure 15a shows an example of case 1, and Figure 15b shows an example of case 2. The proof for both cases is identical. Fig. 15 . Examples of asymmetric push-sensor functions. (a) Aperiodic push-sensor function and resting ranges corresponding to a symmetric push function with a period of π , (b) periodic push-sensor function with period 2π/3 and the same resting ranges as in (a).
For any two states s i . = s j , with stable orientations ψ i and ψ j , of a part with an asymmetric push-force function f pf (φ), there exists an action θ action that results in distinguishable sensor readings f pf (2π − (ψ i + θ action )) = f pf (2π − (ψ j + θ action )). If this were not the case, then f pf (φ) would be periodic with a period of T f p and f pf (φ) would be symmetric-a contradiction. Selecting this action allows us to determine uniquely the resulting state given the two states s i . = s j and allows us to reduce the size of a set of k equivalent uncertain states by at least one.
We can now present Theorem 6.2, which was used to determine the plan lengths (except for cases 5, 7, and 8) in the "direction and force" column of Table 2. THEOREM 6.2. The maximum number of steps to orient a part with an asymmetric push-force function and a largest indistinguishable set of sensor-states of size m is m + 1.
Proof. The worst-case number of uncertain states after the first push-align operation is m. By Lemmas 6.3 and 6.4, there exists an action that reduces the number of uncertain states for any set of k initial states by at least one at each level (step) of the plan. Thus, m steps are required to reduce the uncertainty to one, and, accounting for the extra step in the special degenerate case (see Section 5.2), plans can be no longer than m + 1 steps.
If both the push and push-force functions are symmetric (case 5 in Table 2 ), then no action exists that results in distinguishable sensor-states because the distinguishable sensorstates are periodically spaced. We can thus only orient to symmetry in the push function, and the problem is equivalent to case 6 with "m" = m/p. If all force readings are indistinguishable (cases 7 and 8 in Table 2 ), then only rotation direction is useful, and we can only orient to symmetry in the push function.
If m = n, the extra step is redundant and not required; however, the shortest plan for a particular part using both force and direction may still have fewer steps than when using only rotation direction. For example, the part used in Figure 2 has m = n = 3, but the shortest length plan when using force and rotation direction (see Fig. 2b ) has two steps (assuming the part does not contact the fence directly on a stable edge). This plan has fewer steps than the shortest length plan of three steps when using rotation direction alone (see Fig. 2a ).
A Polynomial Time Algorithm for Suboptimal Plans
Because we are able to reduce the number of uncertain states with each push-align operation, we are able to develop a planner with polynomial time complexity. However, the plan length is not guaranteed to be optimal. Consider a node with k uncertain states. Because an action always exists that reduces the number of uncertain states, there exists a link where all child nodes have no more than k − 1 states.
At each level of the search, we generate all the sensor representative actions and select the action that results in the nodes with the fewest uncertain states. We then need only expand the child nodes of this action. As a general guideline, select the action with the minimum (over actions) maximum (over branches) number of child nodes resulting from that action. In the worst case, we need to expand nodes of size n, n−1, · · · , 2 (resp. m, m − 1, · · · , 2). The time complexity to select the best action for a set of k states is T E = O(kn), resulting in an indistinguishable set of size k − 1. The recurrence relation when using rotation direction is
Solving this recurrence relation for T (k) (using Maple) and summing over k = 2, · · · , n gives O(n 5 log n). Likewise, for rotation direction and force, the time complexity is O(m 4 n log n).
Completeness
The exhaustive search procedure ensures that all representative actions are applied at each level to every possible set of stable states, ensuring completeness. The termination conditions ensure that a solution is returned if one exists; otherwise, failure is indicated. The polynomial time algorithm is complete because at each level of the search tree, Lemmas 6.3 and 6.4 ensure the existence of an action that reduces the number of uncertain states by at least one, ensuring the algorithm will terminate having found a solution. Table 2 presents a comparison of the two techniques in this paper with results using the diameter sensor. The diameter sensor results and descriptions of the eight cases come from Akella and Mason (1999) . We can see that when using rotation direction alone, our methods outperform the diameter sensor in those cases in which all the stable edges have the same diameter value (cases 7 and 8). This is due to Lemma 6.3, which ensures that the number of uncertain states can be reduced at each level of the search. The diameter sensor cannot achieve this in general, and in fact is equivalent to the sensorless case for cases 7 and 8. When using rotation direction and force, our method outperforms the diameter sensor in a further three cases (4, 5, and 6). In these cases, when using a diameter sensor, it is possible that the available representative actions cannot distinguish between any states in a single step. Lemmas 6.3 and 6.4 ensure that we can always reduce the number of uncertain states, leading to worst-case plans with fewer steps. It should also be noted that using rotation direction and force together is one step worse than the diameter sensor in the remaining three cases (1, 2, and 3) . The extra step arises from accommodating the special degenerate case when no rotation direction data are collected in the first push. We also make the observation that using the rotation direction sensor in addition to the diameter sensor would improve the results in Akella and Mason (1999) for cases 4, 5, 6, 7, and 8. Akella and Mason (1999) showed that an infinite number of similarly shaped parts can have the same push function and that an infinite number of similarly shaped parts can have the same push-diameter function. They used these results to characterize when multiple parts can be oriented using identical plans. In the same vein, we make the observation that rotation direction can be used to orient multiple parts to symmetry in the push function because multiple parts can have the same push function and the same push-rotation direction function. We did not examine whether multiple parts can have the same push-force function and, therefore, can make no claims either way when using rotation direction and force. This is an area for further research.
Comparison with Algorithm Using Diameter Sensor
Implementation Details
The sensor used in this paper is an ATI 15/50 six-axis force/torque sensor. Section 7.1.1 shows our method for determining contact location, and Section 7.1.2 outlines our method to determine rotation direction. Section 7.1.3 presents a method to deal with parts having unstable edges, and Section 7.1.4 describes the limit surface model used to calculate the ideal forces between the part and fence.
In the following sections, we use the notation f m = (f mx , f my , f mz ) and m m = (m mx , m my , m mz ) to represent the measured force and moment in the force/torque sensor's reference frame. The effective coordinate system of the sensor is aligned so that the x and y axes are in the horizontal plane and the z-axis points into the page. All subsequent analyses assume that forces have only x and y components (f mx , f my ) and the moment has only a z component m mz . The flat pusher is offset in the x-direction and parallel to the y-axis (see Fig. 16 and the photograph in Fig. 21a) .
Determining Rotation Direction
Determining Contact Location
For a hard point contact (no local torques), Bicchi, Salisbury, and Brock (1993) provided a method to calculate the contact point based on intersecting the measured applied wrench axis with the contact surface. The parametric applied wrench axis l(λ) is determined from the measured force and moment: Single sensor value, symmetric push function n/p n/p 2n/p − 1 NOTE: Italics is implied but not stated in Akella and Mason (1999) . n refers to the number of stable states, m refers to the largest set of indistinguishable sensor-states, m d refers to the largest set of indistinguishable states based on diameter, and p is the number of periods in the push function. a Ignore comments about unique/multiple/single sensor values because there are always two sensor values. "n or n/p" refers to the plan length for asymmetric and symmetric push functions, respectively. b Use the push-force function as the push-sensor function. c Use the push-diameter function as the push-sensor function. d Orientation is to symmetry in the push function f p (φ). Fig. 16 . Determining the contact location with a force/torque sensor. The contact point is at the intersection of the applied wrench l 0 + λf m and the flat fence. Because there is zero friction assumed, f m is perpendicular to the fence.
The parametric line l(λ) is then intersected with the pusher to obtain the contact point. Figure 16 shows an example assuming zero friction between the fence and part.
Detecting Rotation Direction
As the part rotates from vertex contact to edge contact, the contact point will jump from the location of the vertex to a point on the edge of the part, and rotation direction is determined from which direction the contact point jumps. Figure 17a (top) shows a typical contact location profile as a part rotates onto a stable edge. At about 3.2 seconds, an edge came into contact with the pusher, and the contact point moved just over 1 cm in the +y-direction, indicating clockwise rotation.
Steps in the contact location profile are detected using a gradient method similar to edge detection in computer vision (Gonzalez and Woods 1992) . The one-dimensional kernel k = [−1, 0, 1] is used to determine the gradient of a vector of data. If the contact location is stored in the vector y[i], then we use the kernelk to define the gradient g[i]:
Rotation direction is determined from the sign of the peak of the gradient. Figure 17a (middle) shows the gradient of the contact location. We emphasize that although the absolute force measurements themselves may be fairly noisy, the rotation direction is detected quite robustly (see sensitivity analysis in Section 7.1.4) because of the relatively large step change in the contact location profile. Of course, false transitions may still be detected if the pusher loses contact with the part during the push (i.e., oscillating/jittery conveyor) or if the force data are too noisy, leading to a misleading gradient; however, we have found the method to be extremely robust.
A force/torque sensor is not the most obvious choice for contact point detection, tactile strips and proximity sensors being more common. However, it has the overwhelming advantages of being extremely robust and well accepted in industry. As well, the force/torque sensor can be used with parts of very large mass, where the resulting forces may damage other types of contact sensors. Force/torque sensors exist that are suitable for orienting parts from a few grams to several kilograms.
Dealing with Unstable Edges
We now present a method to deal with parts that have one or more unstable edges. This technique requires that all stable edges are sufficiently long to be detected (see Section 7.1.4). When a part rotates onto an unstable edge, the location of the contact point moves from one vertex to another vertex, resulting in a step in the contact location. As it rotates off the unstable edge, the contact point will remain in approximately the same location. Rotation onto a stable edge results in another step in the contact location. The effect of unstable edges is to introduce multiple steps into the contact location profile, but because all stable edges are detectable, the last observed step is the stable edge. All steps will be in the same direction, so rotation direction is easily determined from any step. Figure 17b (top) shows the motion of the contact point for a part with an unstable edge. The gradual change (motion) in the ordinate axis between the steps corresponds to contact slippage, which is always guaranteed assuming zero friction between the part and the fence. This slippage does not adversely affect the detection of rotation direction because the contact steps change much more rapidly. In fact, the zero friction assumption has the positive effect of increasing the rotation rate for parts, allowing for quicker orientation.
Sensitivity
We now address the sensitivity of this method based on sensor accuracy and resolution. The sensitivity of contact location interpretation to force measurement noise is determined using differential methods (for an excellent overview of the subject, see Taylor 1982) . Suppose that x 1 , ..., x n are measured with uncertainties δx 1 , ..., δx n and are used to compute the function q(x 1 , ..., x n ). If the uncertainties in the measured values are random and independent, then the uncertainty δq in q is upper bounded by δq ≤ ∂q ∂x 1 δx 1 + · · · + ∂q ∂x n δx n .
We use this to determine the sensitivity of the contact location to uncertainty in f mx , f my , and m mz . The location of the contact point is given by (x, y) = (l ox + λf mx , l oy + λf my ).
Because the pusher is offset in the x-direction, x is constant, and we have λ = (x − l ox )/f mx Note in eq. (6) that the contact location error δy is less when (i) a larger force is applied (f mx is greater) and (ii) the contact is physically closer to the origin of the force/torque sensor (x is smaller). Our apparatus could be improved by moving the fence closer to the force/torque sensor; however, some offset is inevitable because parts need to rotate unobstructed by the force/torque sensor.
For our force/torque sensor and part mass, the forces measured during orientation were on the order of 5 to 10 N, corresponding to a contact location uncertainty of about ±2 mm. Our apparatus is able to consistently determine rotation direction for edges that are greater than 2 cm in length. Shorter edges are also detectable, but in this case failures are more common due to sensor noise. This information allows us to present the following two rules of thumb for force/torque sensor selection: 1. Given a particular part with minimum edge length L, to detect the contact motion of that edge, the contact location resolution must be at least an order of magnitude finer than the edge length L.
2. To get contact location resolution in the millimeter range, the applied forces must be at least two orders of magnitude greater than the force sensor resolution.
Determining Ideal Forces between Part and Fence at End of Rotation
We now present our technique to determine the ideal forces f ideal we expect the part to exert on the fence during orientation based on the limit surface model of quasi-static pushing (Goyal, Ruina, and Papadopoulos 1991) . The limit surface model was developed in the context of a general force consisting of a force and an associated moment. We use the notation F = (f, m) , where the bold capital F signifies the general force and f and m are the constituent force and moment.
Limit Surface Model of Quasi-Static Motion
Goyal, Ruina, and Papadopoulos (1991) determined the limit surface relationship between the applied general force F = (f x , f y , m) and the instantaneous unit velocityv = (v x , v y , ω) for quasi-static pushing, assuming a known pressure distribution between the sliding surfaces. The limit surface is closed, convex, and encloses the origin of the general force coordinate frame (see Fig. 18a ). If an applied force lies inside (resp. outside) the limit surface, the object remains at rest (resp. accelerates). If the object is moving quasistatically, the applied force lies on the limit surface.
Given an applied force F on the boundary of the limit surface, the resulting instantaneous motion is in the direction of the unit normal to the limit surfacev. We can represent instantaneous motions of the object as a rotation about the center of rotation (COR) r c , with coordinates
where v x 2 + v y 2 + ω 2 = 1. During part motion, there are frictional forces acting between the part and the supporting surface. The frictional force f a applied by the object on the supporting surface at an elemental area dA is parallel to the velocity v a of that element (see Fig. 18b ). Assuming a uniform pressure distribution, we have
where r cor = r cm −r c . The limit surface is defined in the generalized force space as the following integrals of the frictional force f a over the polygonal area A. We used Mathematica to solve these integrals for any arbitrary convex polygon A:
These relations provide the force F = (f x , f y , m) that would generate the center of rotation (x c , y c ). However, we desire to determine the center of rotation (from which we derive f ideal ) given the part orientation and direction of the applied force −f m -the inverse problem. We opted to use a numerical search and defined an objective function g(x c , y c ) as the cosine of the angle between any nonzero generalized force in the direction of interest F ⊥ (f ⊥ perpendicular to the edge and applied at the vertex-see Fig. 18c ) and the numerically searched force F(x c , y c ):
where (x c , y c ), the location of the center of rotation, are the search variables. The search seeks a force vector F(x c , y c ) Fig. 18 . Calculating a typical limit surface. (a) A typical limit surface in which the instantaneous velocityv arising from the applied force F is normal to the limit surface, (b) frictional force f a parallel to the velocity v a of elemental area dA (the integrals of f a over the surface area A of the part define the limit surface), (c) force vectors f ⊥ used to calculate the ideal forces f ideal .
parallel to F ⊥ , which occurs at the maximum of the objective function g(x c , y c ) = 1 and which a simple gradient ascent suffices to determine. The magnitude of the ideal force f ideal is equal to f(x c , y c ) at the solution g(x c , y c ) = 1.
Distinguishability of Force and Direction Data
Because different force measurements are possible for clockwise and counterclockwise rotation (see Fig. 3 ), sensor-state distinguishability is dependent on the rotation direction measurement. Figure 6 shows several ranges of force measurements corresponding to several stable states. The center of each range f ideal is determined using the limit surface model. The range of forces represents all possible force measurements given (i) sensor noise, (ii) uncertainty in physical parameter measurement, and (iii) deviations from ideal uniform pressure distribution. Bounds for (i) can be determined using Section 7.1.4. Bounds for (ii) are easily determined from measurement error when determining the constants, that is, inclined plane angle measurement error when determining the coefficient of friction µ. Bounds for (iii) are difficult to determine because the pressure distribution is indeterminate, and we are not aware of any studies that examine the probability of having any particular pressure distribution. Such bounds can be determined empirically based on experimentation. If the bounds are too small, leading to orienting failures, one can simply increase the possible force ranges until the orienter works consistently. However, if the ranges are increased too much, force information may no longer be useful.
Experimental Trials
Experimental Apparatus
An experimental test bed was built to test the plans generated. The conveyor was constructed from a pair of Mylar rollers from an overhead projector. An ATI 15/50 force/torque sensor attached to a T-shaped fence was used to collect rotation direction and force data (see Fig. 21a ). A cable-driven car on a set of tracks was used to perform the push-align operations (see Fig. 21b ). Parts were picked up and rotated using a rotating suction cup on the bottom of the car (see Fig. 21c ). The suction cup is attached to a vacuum pump and turned on and off using a relay-driven valve. The suction cup is shaped like an accordion, so when the air is removed, it actually picks the part several centimeters off the conveyor. To keep the part level and adjust the lift height, a set of four limit screws were placed around the suction cup (see Fig. 21d ). The parts were made of aluminum and had masses on the order of 200 g. Our force/torque sensor has a resolution of 0.04 N/bit, so these parts only register about 20 bits of force, which results in a very low signal-to-noise ratio. To provide useful force readings, mass of 2 kg was added to the top of the parts. This mass does not affect the pressure distribution, since by assumption 7 in Section 3 all parts are perfectly rigid. To pick this mass up with the suction cup, a flat surface was attached to the top of the mass. The fact that an extra mass was required to generate sufficient force should not be considered a drawback of the technique; rather, it is a side effect of a force/torque sensor poorly specified for the task. Force/torque sensors with much finer resolution are available.
Measurement of Coefficient of Friction
To determine the coefficient of friction between the conveyor and the parts, the force/torque sensor was used to measure the normal force between the fence and the part during a 50second push. The friction during the push was found to take on a large range of values, from a low of 0.3 to a high of 0.44. The average value is µ ave = 0.37, so the range of possible coefficients is approximately [0.8µ ave , 1.2µ ave ]. We suggest this large range is due to an uneven distribution of dust/dirt along the conveyor; however, other factors may be involved.
When determining the ranges of possible force measurements, to establish the distinguishability of sensor-states, we need to include the effect of measurement uncertainty, sensor noise, and deviations from a uniform pressure distribution. The range of friction values adds ±20% to the range, sensor noise adds about 2% to 5% (0.1 N over 5 N), and deviation from the limit surface model is placed at another ±20%. This results in ranges on the order of ±40% f ideal . In terms of planning, this large range of possible forces acts to increase the size of the largest indistinguishable set of sensor-states, often to m = n. This may therefore limit the usefulness of force data to lopsided parts.
Experimental Results Using Only Rotation Direction
Plans generated by our algorithm were tested using parts with cross sections shown in Figure 19 . For each part, 20 trials were run. The number of successful trials is given in the second column of the table in Figure 19 . Out of 80 trials, only two failures were observed. One failure occurred when the conveyor became stuck and its controller compensated by jerking it. The subsequent vibrations of the force/torque sensor led to an invalid step detection. The second failure occurred when the suction cup failed to pick up the part. After the height of the cup was adjusted, this type of failure was not observed again.
Experimental Results Using Rotation Direction and Force
The cross sections of the two parts used for these tests are shown in Figure 20 . Again, 20 trials were run for each part, and the number of successful trials is given in the table in Figure 20 . When a force range of ±40% f ideal was used, the shortest length plans were no shorter than when using only rotation direction (assuming all pushes collect valid data). For this reason, the allowable deviation from uniform pressure distribution was lowered until the shortest plan length was improved. The plans generated no longer took into account possible deviations from a uniform pressure distribution, so one expected to encounter orienting failures. For part (a), this range was ±30% f ideal , and for part (b), this range was ±20% f ideal .
For each part, 20 trials were run using both rotation direction and force information. The results of the tests are shown in the table of Figure 20 . The single failures for each part were caused by a force measurement that was slightly larger than any of the predicted possible ranges at that stage of the plan. The forces, which were approximately 0.2 N too large, could have easily been accommodated with a slightly larger force range. However, increasing the force ranges would have increased the shortest plan length, rendering the force information redundant.
Conclusions
In this paper, we presented a novel sensor-based part-orienting technique based on the commonly available force/torque sensor. Parts are oriented by a force/torque sensor-equipped fence suspended above a conveyor belt and a robotic car that is able to pick up parts and deliver them upstream after rotating them by a specified angle. Using a sequence of push-align operations followed by force and/or rotation direction measurements, we were able to show the worst-case plan lengths with the force/torque sensor are shorter than those in the sensorless case and, for a number of part classes, shorter than those when using a diameter sensor (Akella and Mason 1999) . A shorter plan implies a smaller number of push-align operations and, hence, faster execution of the resulting plans.
The best existing sensorless techniques can orient a part in O(n) steps but have a worst case of 2n − 1, where n is the number of stable edges of the part. The sensor-based techniques in this paper have O(n) and O(m) performance and worst-case plan lengths with fewer steps than current sensorless techniques. When using rotation direction as the sensor data, the worst-case plan length is n. Using force data in conjunction with the rotation direction data reduces the worst case to m + 1 steps, where m is the size of the largest indistinguishable set of sensor states based on force and rotation direction.
The worst-case plan length for a planner based on the diameter sensor is 2n − 1 steps and occurs when all stable states result in identical diameter readings. This is longer than the worst cases when using force and/or rotation direction. Using rotation direction alone, our method provides shorter plans when all stable states result in indistinguishable diameter readings. Using rotation direction and force, our method provides shorter plans when the push-diameter function is symmetric or quasi-symmetric. This is a direct consequence of the key property of the sensor action ranges when using rotation direction and force-a single action always exists that will reduce the number of uncertain states at each stage of the plan.
Guidelines for the selection of a force/torque sensor with appropriate resolution and range for a particular part were outlined. To detect rotation direction of an edge reliably, the contact location uncertainty must be an order of magnitude less than the corresponding edge length. To obtain contact location uncertainty in the millimeter range requires applied forces at least two orders of magnitude greater than the sensor resolution.
Because the experimental trials were successful a large majority of the time, the Coulomb model of friction used throughout this paper appears to be an adequate model for rigid, quasi-static pushing with dry sliding surfaces. However, in a manufacturing environment, the existence of dirty/oily surfaces may negatively affect the effectiveness of force information. Because rotation direction is quite reliably extracted (A) (B) (C) (D) Fig. 21 . Photographs of the experimental apparatus. from force measurements regardless of the underlying physics at the support surface, it is the most robust and practical of the two sensor data described in this paper.
The force/torque sensor can provide several other pieces of useful data that may act to further reduce the number of manipulation steps. In the case of parts with unstable edges, the number of steps in the contact location profile may be useful. As well, the "height" of the steps in the contact location offers insight into the length of the corresponding edge, or at least the relative position of the center of mass to the edge. These data could be incorporated into the sensor action ranges and used to further distinguish final stable states during the search process.
